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1. Introduction

The literature on public control of industry has largely been
concerned with providing the rationales for control and analyses of
alternative methods of achieving public objectives. Market failure arising
from either non-pecuniary externalities or the structural characteristics
of an industry is a basic rationale for intervention. The distinction
between these types of market failure is well known. Pollution and health
hazards, for example, are problems of market failure due to non-pecuniary
externalities. Structural characteristics of an industry may induce market
failure in the sense that the market power of monopolies, oligopolies and
other forms of imperfect competition lead to an inefficient allocation of
resources. We wish to concentrate on the analysis of a policy instrument
designed to deal with structural market failure. The traditional policy
instruments in this area have been antitrust legislation and direct
regulation of certain facets of industry behaviour. We will examine
government enterprise as an alternative mechanism for control of private
markets. In particular, we deal with the situation in which a publicly
owned firm competes with privately owned firmsin an oligopolistic setting.1
This situation is quite common in many western economies. For example, in
Canada more than ten Crown corporations and numerous provincial government
firms fall into this category. In spite of the prevalence of this form of
public organization, with the exception of a paper by Memill and Schneider
[1966], we find virtually no economic analysis of this problem.2 This: .
paper will examine some of the issues associated with government competition

and in particular will focus on the role a government firm can play as an

instrument of regulation internal to the industry.
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We should point out that this paper is not concerned with the
positive issues of how public enterprises behave. While there has been
some empirical work on this problem by Martin [1959], Sheahan [1960] and
Davies [1971] it remains a largely unexplored and important area of
research.3 Rather the analysis focuses on how government enterprise should
be used to promote static economic efficiency within a non-competitive
market structure. We assume that the set of policy.instruments available
are limited to those variables under the control of the government owned
firm, and the models used are partial equilibrium as they deal with only a
single industry within the economy. Consequently, the analysis is an
exercise in 'second best' piecemeal welfare economics. Implicit in the
analysis of a government firm within an otherwise privately controlled
industry is the assumption that complete nationalization of the industry
or direct regulation of all facets of industry activity are not viable
policy alternatives. If either of these options was available and desirable

there would be no particular role for a government firm to play.

Perhaps the most interesting feature of operating a government
firm within an oligopolistic industry is that strategic considerations
must explicitly be accounted for. The actions of the government firm
will affect the actions of other firﬁs in the industry and this is
precisely where the public firm has some scope for affecting the per-
formance of the industry. We shall investigate, under the usual
assumptions of traditional oligopoly theory, how variéus actions of the .

government firm can manipulate the private firms' behaviour to improve

. 4
industry performance.
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2, Oligopoly and Government Firm Action

In this section we ask how alternative modes of government firm
behaviour can affect the equilibrium allocation of resources in an
oligopolistic industry. The analysis is static and partial equilibrium
with complete information, and resource allocation is judged in terms
of the conventional partial equilibrium welfare measure of producer
plus consumer surplus. We assume that all private firms in the industry
behave as Cournot-Nash oligopolists, independently of how the government
firm acts. This assumption has well known difficulties5 but for lack
of a better alternative we shall use it throughout the paper. The
private firms in the industry thus behave as non-collusive oligopolists.
The case in which all private firms perfectly collude to maximize their
joint profits would be a special case of an industry consisting of two

firms, one public and one private.

There is a single government firm in the industry whose objective
is to maximize social welfare. All private firms behave as Cournot-
Nash oligopolists with respect to the government firm. The government
firm controls only its own output level and it can only affect other
firms' output choices to the extent that their output choices depend
upon the government firm's output choice. There are a number of alter-
native ways the government firm can act vis-a-vis the other firms in
the industry. We find it useful, however, to focus on three different -

; types of action and to compare the outcomes in terms of the resulting
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resource allocation. These alternative behavioural modes are: a) the
Cournot-Nash Mode; b) the Stackleberg Mode; and c) the Reaction
Function Mode. Before proceeding with an analysis of these we introduce

some notation and the basic model.
The inverse demand function for the market is given by
P =D(Q)

where Q is aggregate industry output and D'(Q) < O. The industry con-
sists of n+l firms indexed i=0,1,+**,n with cost functions Ci(qi) which
are positive, convex, increasing in output and twice continuously dif-
ferentiable*. The output of the ith firm is ;- We assume entry to the

industry is blocked and consequently n is taken as fixed. By definition

n
Q= I q; - The government firm is indexed i=0. Welfare is measured by
=0 »
Q n
W(gg»q75°°5q) = é D(t)dt -iEO Cilay), (2.1)

and each private firm wishes to maximize its profits given by
‘ﬂi(qo,"‘,qn) = qiD(Q)-Ci(qi). 5 LS S«

In the language of non-cooperative game theory W is the payoff function

to the government firm, m, are the payoff functions to the private firms,

i
and 9y is the strategy variable for the ith player.

a) Cournot-Nash Mode: Suppose the government firm acts as a

Cournot-Nash player in the oligopoly game. Given that all private firms
act as Cournot-Nash oligopolists what can be said of the resulting allo-

; * % *
cation of resources? Let q* = (qo,ql,~--,qn) denote the resulting Nash



6 =

equilibrium allocation of output across firms. From the individual

optimality of the output choices of'private firms we get
& * * *
q;D'@Q) +D@) =¢,"(a)), i=1,"**,n, 2.2

or marginal revenue equals marginal cost. The government firm's
choice of 99 since it assumes that its output choice does not affect

the output choices of the private firms, will satisfy
* %
D(Q ) = CO (qo)- : = (2.3)

Thus the government firm chooses its output such that price equals mar-
ginal cost. Note that while this rule is the conventional "first-best'
rule of welfare economics the resulting allocation is not "first-best"
even in this partial equilibrium context. Maximization of W(+) by a
planner with respect to all output variables would imply that pricé
should equal marginal cost for all firms and from (2.1) we see this is

not the case.

Consider a situation of duopoly with one private and one public
firm. Suppose that both firms have identical cost functionsand the
cost functions exhibit constant average cost. In this case the only
possible equilibrium is with the government firm producing all of the
market demand, i.e., Q = 99 and selling it at average cost. Thus a
situation starting out as an oligopoly will terminate with a government
monopoly. The dynamics of the linear demand case are illustrated in
Figure 1. The arrows indicate the dynamics starting from an initial
point e. It is interesting that in the identical constant average cost

case it is not possible for an equilibrium to occur with both firms
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which is negative, provided the market demand curve exhibits a diminishing
6

marginal revenue curve over the relevant range. The government firm

taking these reactions into account will choose 9, such that at an equi-

* * % *
librium allocation q = (qo,ql,--°,qn) the following condition is satis-

fied:
Begsy Sty [D(Q*) - C,"(¢)] (2.5)
— q I —_— — . .
90 i=1 dqo F e

Here (dqi/dqo) are the "total" reaction effects of a change in the
government firm's output on the ith private firms output. These are

calculated by solving the system of equations

ag | _[ae |
lf) 5]

for [da/dqo] where a = (ql,"',qn) and [aij] is an nxn matrix with

* *
= 1

a ., = 1 for all ¥, and a_. = [8q./0q.], 1 # Ji TIf we let m. = oY) ) (qi)

& ij » 3 3 ———D_(QT)_
denote the distortion between price and marginal cost for each firm,

dagrreqaon -

€, = = i the total reaction elasticity of the ith firm to changes

3 dqy  qq

* %
in the public firm's output and s = qi/Q the equilibrium market shares,

then (2.5) can be written as

n

s = ¥ e gy @)
0% " o P

Thus in equilibrium the market-share weighted distortion by the govern-

ment firm is equal to the market-share weighted distortion by the private
firms times the reaction elasticities €y Hence the government firm's distor-
tion will be greater (i) the greater the market share of the other firms,

(ii) the greater the distortion of the private firms, and (iii) the

larger the reaction elasticities.
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In the Stackleberg Mode a '"first-best'' allocation is not achieved as
private firms are not setting their output levels such that price equals
marginal cost. But it is the case that a higher value of social welfare
will be achieved when the government firm uses the Stackleberg Mode rather
than the Cournot-Nash mode. This follows simply because the government
firm takes into account the effects its output decisions have on private
firm's decisions. Condition (2.7) is a necessary condition for a second-
best optimum when the government firm chooses a Stackleberg Mode of
behaviour. Not surprisingly in this second-best case the government firm

does not choose to price at marginal cost.

c) Reaction Function Mode:

In many cases it is reasonable to give the government firm an
advantage not enjoyed by other firms - that of determining and announcing
a strategy to the other firms. It is well known in the game theory
literature that this may give the player annoﬁncing his strategy an
advantage over other players.7 If this is the case then all firms who
could benefit from such a policy would like to do so. However, only a
firm which can announce a strategy and convince all other firms that it
will stick to it independently of what the other firms do will find such
a strategy to be viable. The government firm is a logical candidate in
this regard. Firstly, the government firm is unique in the industry not
only because it acts with respect to a different set of objectives than
other firms, but also because it has financial resources far greater
than other firms in the industry. Thus if other firms in the industry
chose to ''test" its declared intention it would survive such a test even

if it meant operating at a loss for some period of time.

Secondly, the private firms may view the government firm as just
another extension of government: policy into their environment. Consequently,
they would prefer the government firm announce a set policy prior to their
having to make any decisions. This would eliminate a great deal of ¥
"behavioural uncertainty' for them, or alternatively reduce the risk of
unanticipated and harmful government action. If a government firm announces
its strategy prior to the decision making of private firms this would give

the private firms precisely the type of information they desire.
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The problem of what strategy the government firm should announce
will now be formulated more precisely. The government firm may
choose a reaction function ¢ which is a function giving the government

firm's output as a function of all other firms' output,
L ¢(q19"'rqn)-

* * 5
An allocation q* = (qo,---,qn) is said to be optimal if and only if

*

* =
Q 9y

e
™8
o

and
D(Q*) = Ci'(q:), 1=0,1,++,n.

Let us denote the profit of the ith firm when the government

chooses a reaction function ¢ by

m€ay5°0059,58) = q,D(Q) - € (q,), i=1,°",n,
where

n
Q=0 s S SRS g
i n i=1 &

Once the reaction function ¢ has been announced to the private
firms, they are faced with an oligopolistic situation with interdepen-
dencies among firms occuring through the joint effect of the market
demand function and the government firm's reaction function. We shall
treat this oligopoly situation as an n-person non-cooperative game.
For each reaction function ¢ there will be a different non-

cooperative game played by the private firms.

Let E; = (ql,"',qi_l,qi+2,---,qn) i.e., the ith component
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~ ~
deleted from the vector q = (ql,"°,qn) and when convenient let q be

written as (qi,Ei).
Suppose there exists a reaction function ¢* such that:

A X = *) > . . *)

(A) "i(qisqi’ ¢*) e '"i(ql: ,qn, (0
for-all Q= (q,,°"*,q ) €R ;
or-a L e ql’ 5qn 9
* * *

(B) qp = ¢%(ay, " "5q.) -

Property (A) requires that against the reaction function ¢*, qi* is the
dominant strategy choice for the ith firm, i.e., the ith firm will
choose qi* independent of what other firms do. Property (B) requires
that the reaction function be consistent with an optimal decision

by the government firm. If such a reaction function exists we say that

the reaction function ¢* strongly supports the allocation q*.

It will now be shown that for the case of an oligopoly producing
a homogeneous product such a reaction function exists. Consider the
reaction function
3 n
9y = Q* - 151 9 - (2.8)

Then, we have
n

E 9; | = ¢;Gy

“i(qls.”’qn; ¢) 3 qiD [¢(ql"'°)qn) 4 e

= q,D @) - C,(q,).

*
Clearly the choice qi*, where D(Q*) = Ci'(qi), is optimal for the ith
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firm, independent of what the other firms do. Furthermore, by definition

IS
qo* = Q* - 3 qi.
i=1
Thus the reaction function given by (2.8) satisfies both properties (A)

and (B), and qualifies as a strongly supporting reaction function.

The basic idea here is quite simple. The government firm an-
nounces a strategy which effectively insures that aggregate industry
output is fixed independent of what the private firms choose to do.8 In
such a situation any private firm faces a fixed price for its outputs,
given by D(Q*), and the best it can do is to maximize profits by choosing
its output such that marginal cost equals price. The government firm
can thus attain an optimal allocation of outputs across all firms solely
through the control of its own output level. Formally, the reaction
function mode leads to precisely the same solution as would regulation

of price by a government agency.

It is worth noting that only allocations for which marginal cost
is not less than average cost for all private firms can be supported as
an oligopolistic equilibrium with the appropriate reaction function. The
traditional problem of increasing returns remains here as in competitive
theory. It is possible however for firms to have a region of initially
falling average cost. The size .of this region may well provide a justi-

fication for the number of firms in the oligopoly. -

In summarizing this section, we have shown that the reaction
function mode dominates both the Cournot-Nash and Stackleberg modes in

terms of the welfare attained. Given a "first-best" allocation, that
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3. Supporting Reaction Functions and Cournot-Chamberlain Oligopoly

Many oligopolistic situations are characterized sy a few firms
producing products which are close substitutes or complements and in
making their decisions this interdependence is taken into account. Such
a model is sometimes referred to as the Cournot-Chamberlain [1948] [1963]
model of oligopolistic competition. In this section we consider what
impact a government firm might have in such a market structure by
announcing to the private firms a particular strategy in the

form of a reaction function.

It is necessary to introduce some further notation at this point.
Again there are n + 1 firms each producing a single good. The inverse

demand function for each firm is denoted by
Di(qO, qls""qn)9 i=0,¢++,n.

We now introduce the following.

Assumption Di is a twice continuously differentiable function defined

on the interior of R:+1 with the following properties:

N -
(1) ¥ and 5 are uniformly bounded away from zero on R? 3
90 3q0 !
2
) n+l

(2) 7 < 0 for all q € int R+ s

-

(3) All first and second partial derivatives are uniformly
n+l
R+ H

for every 1=0,1,"‘,n;

bounded on int
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(1) says that a change in the output of the government firm al-
ways has an effect on the price received by all other firms, i.e., the
government firm genuinely competes with all other firms in the oligopoly.
The second assumption says this effect is diminishing;

(3) is a regularity condition which does not seem unnecessarily restric-
tive. Again all firms have cost functions Ci(qi) with the usual proper-
ties. An allocation q* = (q;, q:,"',q:) is defined to be optimal if and

only if

Ci'(qi*) - Di(qo ’.’.,qn*), i=0,l,"',n-

That is price equals marginal cost for all firms. We shall assume that
at least one optimal allocation exists, and that it is interior

Rn+1.

to 4

Given a reaction function ¢ chosen by the government firm, which
gives the output of the govermment firm as a function of the outputs of
all other firms, the n private firms face an oligopolistic situation.

Each firm's profit function is given by

Teayesas @) = 9D [0y, 0759, )5 4757750

= ¢, (qy)

i=1,°+*,n, .1)

and each firm's profit depends upon the output decisions of all firms.
We treat this as a traditional n-person non-cooperative game with perfect
information. A Cournot-Nash equilibrium of such a game is defined as an

v L}
n-tuple (ql,"‘,qn) of outputs such that
vt )
m(ay, a5 9 2 m(ag,q,5 ¢)  for all q.>0,

fu] e n,
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A reaction function ¢* is said to weakly support the allocation
q* if and only if
(C) q* is a Cournot-Nash equilibrium characterized by profit

functions (3.1) with ¢ = ¢*.

(D) qo* = ¢*(q1*,"',qn*)-

We say that the reaction function weakly supports q* because it
does not have the dominant strategy property which characterizes strongly
supporting reaction functions. Property (C) implies that firm i will
choose q; given the reaction function ¢* and output levels a: for all
other firms. Property D requires that the reaction function induces an
optimal output decision by the government firm given that all other firms

produce at optimal levels.

To demonstrate the existence of a weakly supporting reaction func-
tion to any optimal allocation q* we proceed again by construction. Con-
sider the reaction function, ¢*, given by

n

*
* s = -
L0070 050 ) B0 151 [Bjay+Y;(a;1n(q, /q)) - a1 (3.2)
D oD
Lopi® seme Ay sl Tk ook
where By 33: (qO’ ’qn)/aqo (qo, 59,) s
C is a constant chosen such that
% n
9p=C+ Z Biq*, -

i=1

and the Y1 are constants defined below.

The Bi are all well defined given assumption (1) made on the

demand functions. We now examine the first-order conditions to the
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firms' maximization problems.

M, (q,,q,5 ¢%) 3D, (q) 3D, (q) "
—i%—i———- D(q)+qi'--;)---—7:§$i q —i—-C(q),i=l,"-,n.
qy 99 9y i 3qy st

Given the reaction function (3.2) it follows that at q*=(qo*,---,qn*),

we have

* =% *
3wi(qi,qi; %) 5 —
———————— =0, i=1,°**,n. 3.3
aqi

To establish that all firms are at a profit maximum consider

a2n an, a%p, 2%

1.3 o=@ )+(z —‘L T SR T
3 2: @ i N qu iy 2 i & 3 2
qi qi qO

2

9 Di

aqoaqi

2* L
T I P WD

*+ (290 <
¢ qu 3q1

*
Since %%— = Bi + Yi ln(qi/qi*) equation (3.3) can be written as the sum
-

*
of the right hand terms with Bi replacing %%— plus the following expression
>

2 2
3D oD 9 Di 9 Di

i i
, =)+ (Y, « [/—+ 2q, (B, —= +
qu x qu s S & 3q 2 quaqi

*
: )1 1n (q;/9,%)
2
2 i 2
i, =5 <4, s {g,/q,%)"], (3.5)
aqo
By assumption all first and second partial derivatives of the inverse

demand functions are uniformly bounded, 3 D //%qo and 9D //aqo are

uniformly bounded from zero, and 3 Di//a 0. S 0. If we choose [Yil large
oD

enough with sign Yi equal to minus sign (3;1) the term (3.4) can be -
0

made negative everywhere on any compact subset Q of the interior of

R:+l. Thus ﬂi(qi,ai; ¢*) is a strictly concave function in q; on Q

implying that (3.3) is both‘necessary and sufficient to describe the
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firms' optimal output choices, relative to a feasible set of joint out-

comes Q.

Unless the demand functions exhibit some special separability
properties it will not be possible in general to find a supporting
reaction function such that the individual firm's choices have a dominant
strategy property. The Cournot-Nash property of equilibrium strategies

seems to be the best that can be hoped for.

In summary then, we have shown that the results of section 2 on
the reaction function mode for the government firm generalize in a
slightly weaker sense to the case of an oligopolistic industry producing
products which are close, but not perfect, substitutes. The crucial
assumption was that a change in the government firm's output level has
a "significant" impact on the price any private firm gets for its product.
Without this assumption, of course, the government firm could have no
impact on the other firms. Given that the government firm can affect
all other firms prices' its reaction function effectively 'enforces'
the allocation q*. Any firm that individually tries to deviate from
its output choice q: will find that the government reacts in such a
fashion as to make such a move unprofitable. As all private firms know
how the government firm will react, and given that they are at the allocation
q*, none will individually have an‘incentive to change their output levels.
Such an equilibrium, however, is not stable against the formation of =

coalitions among the private firms.
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4., An Iterative Scheme with Incomplete Information

As we argued in the introduction, a crucial aspect of any public
policy‘designed to influence the behaviour of private agents is the
information on which such policies are based. All too often economic
analysis, and in particular welfare economic analysis, proceeds on the
assumption of perfect information about the economic environment. In
this section we propose to examine the reaction function mode as a
regulation device when the government owned firm has only limited infor-
mation. In particular we deal with the problem when the government firm
may not know what the cost functions of the other firms are. The ana-
lytical approach we take is the analysis of an idealized iterative

scheme, with the government firm revising its policy at each iteration

.in response to what is observed. This approach which’is common in

the planning literature has its shortcomings, but it does have the merit
of approximating a real world regulatory process which proceeds by trial
and error. In the real world of course the number of actual iterations

are very few.

The model is basically that of section 2., A single industry
consisting of n+l firms, all produce the same homogeneous good with
an industry inverse demand function D(Q). Any firm in the industry, including
the government firm, is assumed to know only (1) the market demand
function D(Q), (2) the government firm's reaction function and (3) its -
own cost function. No firm has any information about other firms' cost
functions. The assumption that all firms know the market demand function
does not seem unreasonable, and in any case could be modified to an

assumption that it was only "known'" in a statistical sense without any
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substantive change of the results.

All variables will be indexed with a t to denote the tth itera-
tion. "Time" is to be understood in this section as "planning time", and
not calendar time. The calendar time between each iteration could well

vary.

The iterative scheme is as follows. At this point we present it
in discrete terms, although in the more formal analysis we shall use

continuous time for analytical convenience.

1. Iteration t. At the tth stage the government firm announces to

private firms a reaction function, qg = Qt - 22=1q;; where Q,t is a

. iteration.

parameter which is the target aggregate output in the t
2.. During iteration t, following the analy;is of section 2(c) equilibrium
occurs with private firms all producing ﬁ;, where Ci'(az) = D(Qt), for
i=1,...,n, and thé government firm produces is = q* - 22=1ﬁ§. Note the
government firm does not know the individual private firms' output levels or
their cost functions. It does, however, know their common marginal cost which

is equal to D(Qt).

3. After equilibrium has occured the government firm revises the reaction
function parameter, Qt, aggregate industry output, according to the

following rule:
™! = arn(@®) - cp(af) et + o

where A is some positive adjustment parameter. Thus the government firm

increases (decreases) the desired aggregate industry output level if it
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observes that its marginal cost is less than (greater than) the industry

price. If its marginal cost equals industry price then no change occurs

in the reaction function parameter, and the entire process stops. If not
then a new reaction function is announced to the industry with the parameter
t+1 :

Q and the process repeats itself.

We turn now to examining what properties this process has.

Informational Privacy. At no point is information trans-

mitted directly from the private firms to the public firm or between the
private firms. Because of the dominant strategy property of the private
firms' output choices they do not need to know any information about other
private firms. The public firm only acquires indirect information about
private firms, in that at each iteration it knows what they as a group are

producing by observing QU - qg.

Market Clearing. At each iteration the market clears at Qt, the
government firm making up the difference between private firms output and
the planned aggregate output Qt. This is in contrast to many regulation
schemes, such as price regulation, which give rise to market disequilibrium

and hence the need for rationing during the adjustment process.

Monotonicity. A desirable and important property of any iterative
scheme for resource allocation is that with each iteration of the scheme
the resource allocation improves in terms of some performance measure;
Thus, if for practical reasons it is necessary to stop the process before
it reaches a global optimum,one is assured of having moved in the
right direction; starting the process will not lead to a worse

allocation than the initial allocation. The iterative scheme outlined
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Convergence to the Optimum. As a by-product of the analysis on

monotonicity it follows immediately that the process, given a sufficient
number of iterations, will converge arbitrarily close to a global optimum.
The allocation which obtains in the convergent state is optimal as all
firms have output levels such that price equals marginal cost.

The iterative scheme proposed thus provides a feasible means, in
the absence of perfect information, by which the reaction scheme of section
2 can be implemented. As with any resource allocation mechanism, if all
agents understand how the mechanism functions, it suffers from certain
incentive problems. The private firms want to see aggregate output lower,
and consequently price higher than does the government firm. If they
understand how the government firm revises its aggregate output target
then they have an incentive at each iteration to produce less than they
otherwise would, i.e., operate where price exceeds marginal cost. This
has the effect of having the governAent firm produce more and consequently
raises its marginal cost. Then through the adjustment mechanism the government
firm will lower industry output (or at least not increase it by as much) and
raise the price.l1 How serious this incentive problem is will depend upon
the degree of sophistication of the private agents, how far sighted they

are and how well they understand the process the government firm is using.






